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Abstract- Neutrino oscillations as suggested by the recent Super-Kamiokande result 



^ ■ implies that lepton numbers could be violated, and fi T + r ± is a typical manifestation. 
We point out that for this mode, the GIM cancelation is much milder with only a logarithmic 
behavior log(m3/m2) where rrij is the neutrino mass. The ratio T(Z — > /i =F +r :t ) /r(Z — > jjT 
could be about — 10~ 6 , in sharp contrast with the vanishingly small rate r — > fi + 7 
strongly suppressed by a quadratic power (777J — m|)/M^. Being complementary to neutrino 
oscillation experiments, measurements of Z— > + r - which are at hand with the present 
colliders - would give one more constraint to the lepton mixing angle sin 29 jk and the neutrino 
mass ratio rrij/mk- 
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Evidence for the transmutation between the two neutrinos species <-> u T is recently 
reported by the Super-Kamiokande collaboration^ 1 ^. As a consequence, neutrinos could have 
nondegenerate tiny masses and lepton numbers would no longer be conserved. Hence, besides 
the well known neutrino oscillations phenomena, the decays — > ^ + 7, fi T + could 
occur. 

The purpose of this note is to point out that, contrarily to the hopelessly small 1 - 2 ) branching 
ratio B(r ± — > + 7) « 1CT 40 , the typical lepton flavor changing process Z— > yU T +r ± could be 
experimentally accessible. The ratio of branching fractions B(Z^ /x T + r ± )/B(Z — > + n + ) 
is estimated to be about 10~ 5 — 10~ 6 which is much larger than naively expected. With 
ten millions of Z produced per year at the present colliders, its measurement is therefore at 
hand. The interest of this decay is obvious since it is complementary to neutrino oscillation 
experiments, and will give one more information on the lepton mixing angle 9ij as well as the 
ratio rrij/m k . 

Similarly to the CKM flavor mixing in the quark sector, the neutrino gauge-interaction 
eigenstates u e , and u T are linear combinations of the three neutrino mass eigenstates vi, v 2 
and z/ 3 of nonzero and nondegenerate masses mi, m 2 and m 3 respectively. Thus 



(1) 



where the 3x3 matrix U\ cp is unitarity. 

The weak interaction effective Lagrangian for charged current of leptons can be written as 
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where the charged current L\ is 



3=1 

Here £ stands for e~, fx~ , r~ and Uj (with j = 1, 2, 3) are the three neutrino mass eigenstates. 
For any fixed £, one has J2j Wij\ 2 = 1. For instance the operationally defined to be the 
invisible particle missing in the 7r + — > fi + + is initially a superposition of Z7, v 2 and z/ 3 , in the 
same way as the K° meson produced by strong interaction, say by 7r~ + p — > K° + A, is initially 
a superposition of the mass eigenstates K° and Kg with nondegenerate masses m L 7^ m s . 



In the most general renormalizable gauge, at one loop level to order g 3 - where g = 
e/sin#w is the weak interaction coupling constant - there are in all ten Feynman diagrams 
that contribute to the decay Z— > fi T + t ± . Three of them are depicted in Figs. 1-3. The seven 
others, not shown here, are similar to Figs. 1-3 in which the W T are replaced in all possible 
ways by the "would be" Goldstone bosons $ T , those absorbed by the gauge bosons W T to 
render them massive by the Higgs mechanism. 

A careful examination of these diagrams shows that Fig. 1 provides by far the dominant con- 
tribution to the decay amplitude for which the logarithmic GIM suppression actually emerges, 
while the contributions of all other diagrams are power suppressed and vanishingly small. The 
principal reason is that we are dealing in Fig.l with two propagators of nearly massless fermions. 
Due to the unitarity of the U\ ep reflecting the GIM cancelation mechanism, the divergence as 
well as the m^-independent finite part of the loop integral do not contribute to the decay am- 
plitude because they are multiplied by J2j{U^jU T j) = 0. Only the m^-dependent finite part 
of the loop integral is relevant. The finite part could be easily guessed by approximating the 
W propagator with i/M^, the W mass plays the role of the loop integral momentum cutoff. 
Hence Fig.l looks like the familiar vacuum polarization in Fig. Ibis from which appears the 
standard log(g 2 /m|) when m 2 <C q 2 , being the four-momentum of the external gauge boson 
Z. An exact calculation confirms this expectation. 

If we write the Z(q) — > Vjipi) + Vj{p 2 ) amplitude as 

e M (g)U(pi)7 M (l - 75MP2) , 
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then the Z(q) — > [x~{p-y) + T + (p 2 ) decay amplitude is found to be 

4 COS (7\y 

where 

In (2), we only keep the dominant contribution \ogXj. Terms like Xj, XjlogXj, x 2 \ogXj and 
dilogarithms (Spence functions) of Xj are completely negligible. The problem considered here 
is conceptually similar to the quark flavor changing s<-^d mediated by a virtual Z exchange^ 
which governs the rare decay n + v + V. However, since masses and momenta of the 



external particles outside the loops were neglected® - with perfectly legitimate reasons - the 
smoothly logarithmic factor (which multiplied by q 2 , q being the virtual Z momentum taken to 
be zero) cannot be revealed® . For the external real Z discussed here, this approximation q 2 = 
obviously cannot be applied, and the factor logXj emerges. In fact, the vacuum polarization 
Il(g 2 ) mentioned above behaves® like q 2 /m 2 for q 2 <C m 2 , and like \og(q 2 /m 2 ) for m 2 <C q 2 , 
rrij being the internal fermion mass. Quark flavor changing in Z decay has been extensively 
studied in the literature®. 
We have from (2) 

r(Z^^ + r ± ) _ a 2 2 

T(Z -> pi- + //+) 36tt 2 sin 4 9 W cos 4 W ' 

where 

B = gWo g Q). (4) 

From (2) to (4), we have used J2j U^jU T j = to get rid of the first ui mixing parameter U^Uri. 
The factor B in (4) tells us that when the rrij are degenerate, the lepton flavor mixing does not 
occur and the decay Z — > /x T + identically vanishes. 

To estimate £>, let us assume® the following form of the U\ ep: neglecting CP violation in 
the lepton sector: 
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The mixing angle 023 ~ 45° is suggested by the Super-Kamiokande data and the $13 ~ 0° 
comes from the Chooz data® which give 6*13 < 13°, whereas 9±2 being arbitrary. Although 
9\2 is likely small ~ 0°, however the maximal mixing 12 ~ 45° may be also possible allowing 
v c <-> (as suggested by the LSND experiment). Taking 9 12 in the range 0°-45°, and using® 6 ) 
Am 2 3 = \m\-m 2 \ = 2xlO~ 3 eV 2 , m 3 > 5xi(T 2 eV, then \B\ 2 is of order of unity [\B\ 2 ~ O(l)], 
and we get 

r(7. „=f 4- r±\ 

~ 1(T 6 - 1(T 5 . (6) 



r(z -> + ^ 

We note that the low energy e + + e~ fi T + r ± reaction might be also observable, however 
compared to the one-photon exchange <r(e + + e~ — > fi + + pr) cross-section, the <r(e + + e~ — > 
//^ + t^-) is damped, besides the coefficient \A\ 2 , by an additional s 2 /(M| — s) 2 multiplicative 
factor due to the Z propagator. 



Independently of the precise numerical value of B, the experimental search of the rare decay 
mode Z — > /x T + is interesting on its own right for two reasons. First, although being 
higher order loop effect, the branching ratio is remarkably not negligible due to the smoothly 
logarithmic suppression. Second, while neutrino oscillations only provide the mass difference 
Am| fe , lepton flavor changing Z decays give the ratio rrij/mk- When combining these two 
processes, the absolute value of the neutrino mass rrij can be obtained. Both reactions are 
mutually complementary in the determination of the neutrino masses and the lepton mixing 
angles. 
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Figure Captions : 

1. Figures 1-3 : One-loop lepton flavor changing in Z decay. 

2. Figure Ibis : The same as Fig.l in which the two \i and r vertices are squeezed into a 
single four-fermion vertex. It looks like a bubble of the familiar Abelian gauge boson self 
energy. 
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Fig. Ibis 
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